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We are interested in the time evolution of bosonic quantum systems of *N* particles in two dimensions that interact with each other by a two-particle interaction potential. At a given time *t*, the state of the system is described by a wave function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H_U=-\sum _{j=1}^N \Delta _j+\sum _{1\le j< k\le N} U(x_j-x_k) +\sum _{j=1}^N A_t(x_j) \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$A_{\cdot }{:}\,{\mathbb {R}}^2 \times {\mathbb {R}} \rightarrow {\mathbb {R}}$$\end{document}$ being a time-dependent external potential and $\documentclass[12pt]{minimal}
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                \begin{document}$$U{:}\,{\mathbb {R}}^2 \rightarrow {\mathbb {R}}$$\end{document}$ modeling the interaction between the particles. The time evolution of the system is described by the Schrödinger equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi _0 \in L^2_{s}({\mathbb {R}}^{2N}, {\mathbb {C}})$$\end{document}$. In general, even for small particle numbers *N*, it is not possible to solve the Schrödinger equation exactly or numerically. The time evolution of the system, however, can approximately be determined if one studies special classes of initial conditions and certain types of interaction potentials. In this paper, we are concerned with the dynamical evolution of a Bose--Einstein condensate. This state of matter appears if one cools bosons in an external trapping potential near absolute zero temperature such that almost all particles occupy the same quantum state (see e.g. \[[@CR38]\] for a comprehensive discussion). After the trapping potential has been changed or completely switched off, the condensate is no longer in equilibrium and one would like to study its evolution in space.

Mathematically, the appearance of a Bose--Einstein condensate is described by means of the one-particle reduced density matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^{(1)}_{\Psi }$$\end{document}$ is a non-negative trace class operator on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \gamma ^{(1)}_{\Psi }(x,x')=\int _{{\mathbb {R}}^{2N-2}} \overline{\Psi (x,x_2,\ldots ,x_N)} \Psi (x',x_2,\ldots ,x_N)d^2x_2\ldots d^2x_N. \end{aligned}$$\end{document}$$A state $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi $$\end{document}$ is said to exhibit complete Bose--Einstein condensation, if there exists a one-particle wave function $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ^{(1)}_{\Psi } \rightarrow |\varphi \rangle \langle \varphi |$$\end{document}$ in trace norm as $\documentclass[12pt]{minimal}
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                \begin{document}$$N \rightarrow \infty $$\end{document}$.[1](#Fn1){ref-type="fn"} Initially, we consider a complete condensed state $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi _0$$\end{document}$ and then show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma ^{(1)}_{\Psi _t} \rightarrow |\varphi _t\rangle \langle \varphi _t|$$\end{document}$ as $\documentclass[12pt]{minimal}
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                \begin{document}$$N \rightarrow \infty $$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi _t$$\end{document}$ solves a nonlinear Schrödinger equation. This statement shows that the condensate is stable during the time evolution. Moreover, it proves that the time-evolution of the one-particle reduced density matrix which is given by the many-body Schrödinger equation can approximately be described by a much simpler nonlinear one-particle equation.

To state the exact form of the one-particle equation, we specify the potentials *U* we are interested in.For $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta >0$$\end{document}$, we consider the so called nonlinear Schrödinger (NLS) scaling $\documentclass[12pt]{minimal}
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                \begin{document}$$U(x)= W_{\beta ,N}(x) = N^{-1+2 \beta } W(N^\beta x)$$\end{document}$, for a compactly supported, spherically symmetric and nonnegative potential $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta > 1/2$$\end{document}$, such a scaling models strong but short range repulsive interactions. The origin of the scaling can heuristically be motivated by the fact that for a completely factorized wave function $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi \in H^2({\mathbb {R}}^2, {\mathbb {C}})$$\end{document}$ the kinetic energy per particle[2](#Fn2){ref-type="fn"}$\documentclass[12pt]{minimal}
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                \begin{document}$$V\in L^\infty _c ({\mathbb {R}}^2, {\mathbb {R}}) $$\end{document}$ being spherically symmetric and nonnegative. This scaling will be denoted Gross--Pitaevskii scaling in the following. The motivation to consider an exponential scaling is similar to the Gross Pitaevskii scaling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_N(x)=N^2 V(Nx)$$\end{document}$ in three space dimensions. Namely, the kinetic and interaction energy are of the same order for a gas of fixed volume. This will be shown below, when discussing the scattering process of two particles, see ([4](#Equ4){ref-type=""}). Furthermore, the interaction originates from a *N*-independent potential by rescaling space and time coordinates \[see ([7](#Equ7){ref-type=""})\]. Our results can be generalized to a wider class of *N*-dependent interactions covering most of the relevant cases discussed in the literature on two dimensional Bose gases \[[@CR39]\].For these scalings the condensate wave function $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi _t$$\end{document}$ satisfies the cubic nonlinear Schrödinger equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi _0$$\end{document}$. The precise definition of $\documentclass[12pt]{minimal}
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                \begin{document}$$b_U$$\end{document}$ will be given in Definition [2.1](#FPar1){ref-type="sec"}. At the moment however if suffices to note that for the potentials from above we have $\documentclass[12pt]{minimal}
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                \begin{document}$$b_{W_{\beta ,N}}= N\Vert W_{\beta ,N} \Vert _1= \Vert W\Vert _1$$\end{document}$ if $\documentclass[12pt]{minimal}
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                \begin{document}$$b_{V_N}= 4\pi $$\end{document}$ Eq. ([3](#Equ3){ref-type=""}) is also referred to as Gross--Pitaevskii equation.

We are going to explain on a heuristic level why the coupling constants differ in the NLS and Gross--Pitaevskii scaling. We first consider the exponential scaling and assume that the energy of the many-body state $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi _t$$\end{document}$ is comparable to the ground state energy of the system. In this case, the wave function develops a short scale correlation structure which prevents the particles from being too close to each other \[[@CR39]\]. If we neglect for the moment all but two particle correlations, one may heuristically think of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi _t (x_1, \dots ,x_N) \approx \prod _{i<j} F(x_i-x_j) \prod _{k=1}^ N \varphi _t (x_k) $$\end{document}$. The function *F* accounts for pair correlations between the particles at scales of order $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {O}}(e^{-N})$$\end{document}$. These correlations determine the time evolution of the condensate in a crucial manner and must therefore explicitly be taken into account. Since $\documentclass[12pt]{minimal}
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                \begin{document}$$V_N$$\end{document}$ is a strong, short range potential, the interaction between the particles can in first order be described as a two-body scattering process. That is, the correlation function *F* should approximately be given by the zero energy scattering state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j_{N,R} \in C^1({\mathbb {R}}^2,{\mathbb {R}})$$\end{document}$ which is defined by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$4 \pi $$\end{document}$. This shows that the scaling we used gives us a system where the kinetic energy and the interaction energy are of the same order.

Let us now turn to the NLS scaling and consider for $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta > 0$$\end{document}$ the scattering equation of the potential $\documentclass[12pt]{minimal}
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Let us briefly compare the phenomenon of Bose--Einstein condensation in two and three dimensions. In three dimension the NLS scaling is defined by $\documentclass[12pt]{minimal}
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Actually, our dynamical result complements a more general theory describing the ground state properties of dilute, two-dimensional Bose gases. It was shown in \[[@CR39]\] that for a gas with repulsive interaction $\documentclass[12pt]{minimal}
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It should be pointed out that there has been some debate about the question whether two-dimensional Bose--Einstein condensation can be observed experimentally. This amounts to the question whether condensation takes place for temperatures $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$ is the ground state of the Gross--Pitaevskii energy functional, see ([8](#Equ8){ref-type=""}). It was furthermore proven that one does not observe 100% condensation in the ground state of an interacting homogenous system. The emergence of 100% Bose--Einstein condensation as a ground state phenomenon thus highly depends on the particular physical system. Our approach is the following: Initially, we assume the convergence of $\documentclass[12pt]{minimal}
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                \begin{document}$$ |\varphi _0\rangle \langle \varphi _0|$$\end{document}$. We then show the persistence of condensation for time scales of order one. Our assumption is thus in agreement with the findings in \[[@CR37]\].

The rigorous derivation of effective evolution equations is well known in the literature, see e.g. \[[@CR2], [@CR5], [@CR9]--[@CR11], [@CR19]--[@CR22], [@CR30], [@CR43], [@CR44], [@CR48]--[@CR51]\] and references therein. For the two-dimensional case we consider, it has been proven, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$, under some assumptions on the negative part of the potential *W* \[[@CR26], [@CR34]\]. In \[[@CR45]\] a norm approximation to the two-dimensional focusing Schrödinger equation in the NLS scaling with $\documentclass[12pt]{minimal}
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                \begin{document}$$0<\beta <1$$\end{document}$ was considered. Here, the evolution of the condensate is effectively described by the nonlinear Schrödinger equation while the evolution of the fluctuations around the condensate is governed by a quadratic Hamiltonian, resulting from Bogoliubov approximation. Another approach which relates more closely to the experimental setup is to consider a three-dimensional gas of bosons which is strongly confined in one spatial dimension. Then, one obtains an effective two-dimensional system in the unconfined directions. We remark that in this dimensional reduction two limits appear, the length scale in the confined direction and the scaling of the interaction in the unconfined directions. A derivation of the two-dimensional Gross--Pitaevskii equation from the three-dimensional quantum many-body dynamics of strongly confined bosons was just recently given in \[[@CR7]\]. Further results in this direction can be found in \[[@CR4], [@CR6], [@CR8], [@CR15]--[@CR17], [@CR28], [@CR29]\]. For known results regarding the ground state properties of dilute Bose gases, we refer to the monograph \[[@CR38]\], which also summarizes the papers \[[@CR37], [@CR39], [@CR40]\].

Our proof is based on \[[@CR49]\], which covers the derivation of the time dependent Gross--Pitaevskii equation in three dimensions. In particular, the exponential scaling of the interaction forces us to adapt crucial ideas and refine many estimates. Additional difficulties arise amongst others from the logarithmic behaviour of the scattering state and the fact that $\documentclass[12pt]{minimal}
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We shortly discuss the physical relevance of the Gross--Pitaevskii scaling. It is possible to rescale space- and time-coordinates in such a way that in the new coordinates the interaction is *notN*-dependent. Choosing $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Main Result {#Sec2}
===========

Our main theorem consists of two parts, which consider potentials in the NLS and Gross--Pitaevskii scaling, respectively. For the proof of the theorem it is useful to enlarge the class of potentials in the NLS regime because it allows us in the derivation of the Gross--Pitaevskii equation to refer to various estimates that appear in first part of the proof.

Definition 2.1 {#FPar1}
--------------
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                \begin{document}$$\begin{aligned} \widetilde{{\mathcal {W}}}_{\beta }&= \Big \lbrace \big ( W_{\beta ,N} \big )_{N \in {\mathbb {N}}}|\;\; W_{\beta ,N} \in L_{c}^{\infty }({\mathbb {R}}^2,{\mathbb {R}}), \exists C>0 \, \text { independent of}\\&\qquad \, N \, \text {and} \, \beta {:}\,W_{\beta ,N}(x) \ge 0 \,\, \forall x \in {\mathbb {R}}^2, \\&\qquad \Vert W_{\beta ,N} \Vert _1 \le { CN }^{-1}, \Vert W_{\beta ,N} \Vert \le { CN }^{-1+ \beta }, \Vert W_{\beta ,N} \Vert _\infty \le { CN }^{-1+2 \beta }, \\&\qquad W_{\beta ,N} (x)=0 \; \forall |x| \ge { CN }^{-\beta },\; W_{\beta ,N} \text { is spherically symmetric} \Big \rbrace . \end{aligned}$$\end{document}$$For every $\documentclass[12pt]{minimal}
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Remark 2.2 {#FPar2}
----------
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For notational convenience, it is in addition helpful to define a class of potentials with Gross--Pitaevskii scaling.

Definition 2.3 {#FPar3}
--------------
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Organization of the Proof {#Sec3}
=========================

The method we are applying to prove Theorem [2.4](#FPar4){ref-type="sec"} was originally introduced in \[[@CR50]\] and later generalized to derive various mean-field equations  \[[@CR1], [@CR8], [@CR30], [@CR32], [@CR33], [@CR42], [@CR46]--[@CR49]\]. Our proof is primarily based on \[[@CR49]\] which covers the three-dimensional counterpart of our system. The key idea of the method is to show the existence of Bose--Einstein condensation not in terms of reduced density matrices but to consider an equivalent measure of condensation. Heuristically speaking, we count for each time *t* the relative number of those particles which are not in the state of the condensate wave function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _t$$\end{document}$. It is then possible to show that the rate of the particles which leave the condensate is small, if initially almost all particles were in the state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _0$$\end{document}$. The counting of the particles will be performed with the help of a functional. In order to define it, we introduce the following operators.

Definition 3.1 {#FPar6}
--------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi \in L^{2}({\mathbb {R}}^2,{\mathbb {C}})$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \varphi \Vert =1$$\end{document}$.For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1\le j\le N$$\end{document}$ the projectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_j^\varphi {:}\,L^2({\mathbb {R}}^{2N},{\mathbb {C}})\rightarrow L^2({\mathbb {R}}^{2N},{\mathbb {C}})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_j^\varphi {:}L^2({\mathbb {R}}^{2N},{\mathbb {C}})\rightarrow L^2({\mathbb {R}}^{2N},{\mathbb {C}})$$\end{document}$ are defined as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} p_j^\varphi \Psi =\varphi (x_j)\int \varphi ^*({\tilde{x}}_j)\Psi (x_1,\ldots , {\tilde{x}}_j,\dots ,x_N)d^2{\tilde{x}}_j\;\;\;\forall \;\Psi \in L^2({\mathbb {R}}^{2N},{\mathbb {C}})\end{aligned}$$\end{document}$$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_j^\varphi =1-p_j^\varphi $$\end{document}$. We shall also use, with a slight abuse of notation, the bra-ket notation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_j^\varphi =|\varphi (x_j)\rangle \langle \varphi (x_j)|$$\end{document}$.For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\le k\le N$$\end{document}$ we define the set $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {S}}_k=\left\{ \vec {s} = (s_1,s_2,\ldots ,s_N)\in \{0,1\}^N\;;\; \sum _{j=1}^N s_j=k\right\} \end{aligned}$$\end{document}$$ and the orthogonal projector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{k}^\varphi {:}\,L^2({\mathbb {R}}^{2N},{\mathbb {C}})\rightarrow L^2({\mathbb {R}}^{2N},{\mathbb {C}})$$\end{document}$ as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} P_{k}^\varphi =\sum _{\vec s \in {\mathcal {S}}_k}\prod _{j=1}^N\big (p_{j}^{\varphi }\big )^{1-s_j} \big (q_{j}^{\varphi }\big )^{s_j}. \end{aligned}$$\end{document}$$ For negative *k* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k>N$$\end{document}$ we set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{k}^\varphi =0$$\end{document}$.For any function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m{:}\,{\mathbb {N}}_0 \rightarrow {\mathbb {R}}^+_0$$\end{document}$ we define the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{m}}^{\varphi }{:}\,L^2({\mathbb {R}}^{2N},{\mathbb {C}})\rightarrow L^2({\mathbb {R}}^{2N},{\mathbb {C}})$$\end{document}$ as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\widehat{m}}^{\varphi }=\sum _{j=0}^N m(j)P_j^\varphi . \end{aligned}$$\end{document}$$ We also need the shifted operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{m}}^{\varphi }_d{:}\,L^2({\mathbb {R}}^{2N},{\mathbb {C}})\rightarrow L^2({\mathbb {R}}^{2N},{\mathbb {C}})$$\end{document}$ given by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\widehat{m}}^{\varphi }_d=\sum _{j=-d}^{N-d} m(j+d)P_j^\varphi \quad \text {with} \; d \in {\mathbb {Z}}. \end{aligned}$$\end{document}$$

Following a general strategy[4](#Fn4){ref-type="fn"} we will define a functional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha {:}\,L^2({\mathbb {R}}^{2N},{\mathbb {C}})\times L^2({\mathbb {R}}^2,{\mathbb {C}})\rightarrow {\mathbb {R}}^+_0$$\end{document}$ such that$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha (\Psi _0,\varphi _0)\rightarrow 0$$\end{document}$ for suitably chosen initial data $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\Psi _0,\varphi _0) \in L^2({\mathbb {R}}^{2N},{\mathbb {C}})\times L^2({\mathbb {R}}^2,{\mathbb {C}})$$\end{document}$.[5](#Fn5){ref-type="fn"}If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _t$$\end{document}$ is a solution of ([2](#Equ2){ref-type=""}) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _t$$\end{document}$ a solution of ([3](#Equ3){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha (\Psi _t,\varphi _t)$$\end{document}$ can be estimated by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha (\Psi _0,\varphi _0)+ \int _0^t ds \, C_s \big ( \alpha (\Psi _s,\varphi _s) + {\mathcal {O}}(1) \big )$$\end{document}$ for some time dependent constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_s$$\end{document}$. Using a Grönwall type estimate, it then follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha (\Psi _t,\varphi _t) \le e^{ 2 \int _0^t {{d}}\tau \, C_\tau } \big ( \alpha (\Psi _0,\varphi _0) + {\mathcal {O}}(1) \big )$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha (\Psi _t,\varphi _t)\rightarrow 0$$\end{document}$ implies the convergence of the one-particle reduced density matrix of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _t$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\varphi _t\rangle \langle \varphi _t|$$\end{document}$ in trace norm as well as the convergence of the energy per particle of the many-body system to the energy of the condensate wave function.In \[[@CR30], [@CR50]\] the mean field scaling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_0(x) = N^{-1} W(x)$$\end{document}$ and a condensate wave function which evolves according to the Hartree equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \partial _t \varphi _t = \big ( - \Delta + A_t \big ) \varphi _t + \big ( W *|\varphi _t|^2 \big ) \varphi _t$$\end{document}$ were considered in the three-dimensional setting. In these works it was shown that the persistence of condensation can be proven if one chooses$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha (\Psi _t,\varphi _t)= \left\langle \!\left\langle \Psi _t, \left( {\widehat{n}}^{\varphi _t}\right) ^j\Psi _t \right\rangle \!\right\rangle , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n(k)=\sqrt{k/N}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j >0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _t$$\end{document}$ is a solution of ([2](#Equ2){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U = W_0$$\end{document}$. The choice $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=2$$\end{document}$ corresponds to the functional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \langle \!\langle \Psi _t, \sum _{k=0}^N \frac{k}{N} P_{k}^{\varphi _t} \Psi _t \rangle \!\rangle $$\end{document}$, whose action on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _t$$\end{document}$ can be viewed as \"counting the relative number of particles which are not in the state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _t$$\end{document}$\". Other values of *j* or a different choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{m}}^{\varphi _t}$$\end{document}$ should be understood as a weighted measure of counting the number of particles which are not in the condensate state. We will therefore sometimes call *m* the weight function of the functional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$.

In this work we are interest in interaction potentials which get peaked as $\documentclass[12pt]{minimal}
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The rest of the paper is organized as follows:In Sect. [4](#Sec4){ref-type="sec"} we start by fixing the notation. Afterwards, we recall important properties of the operator $\documentclass[12pt]{minimal}
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Preliminaries {#Sec4}
=============

We will first fix the notation we are going to employ during the rest of the paper.

Notation 4.1 {#FPar7}
------------
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Definition 4.3 {#FPar10}
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Lemma 4.4 {#FPar11}
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Proof {#FPar12}
-----
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Proof {#FPar14}
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Lemma 4.6 {#FPar15}
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-----
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-----
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Microscopic Structure in 2 Dimensions {#Sec5}
=====================================

The scattering state {#Sec6}
--------------------

In this section we analyze the microscopic structure which is induced by $\documentclass[12pt]{minimal}
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Properties of the scattering state {#Sec7}
----------------------------------
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### Remark 5.4 {#FPar23}
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### Proof {#FPar25}
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Proof of the Theorem {#Sec8}
====================

In this section, we present the proof of Theorem [2.4](#FPar4){ref-type="sec"}. We start with the NLS regime and then pursue with the exponential scaling. In both cases we follow the same strategy: After giving the precise definition of the functional we explain its connection to the notion of Bose--Einstein condensation in terms of reduced density matrices. Thereupon, we differentiate the functional with respect to its time variable, perform a Grönwall estimate and finally prove the respective part of the theorem.
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### Definition of the functional {#Sec10}

The goal of this section is to define a functional $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha {:}\,L^2({\mathbb {R}}^{2N},{\mathbb {C}})\times L^2({\mathbb {R}}^2,{\mathbb {C}})\rightarrow {\mathbb {R}}^+_0$$\end{document}$ which is adapted to potentials with NLS scaling and which meets all the requirements stated in Sect. [3](#Sec3){ref-type="sec"}. In short, we demand the functional to converge to zero for properly chosen initial states and its time derivative to be controllable by means of a Grönwall estimate. Additionally, the functional should allow to prove both Bose--Einstein condensation and the convergence of the energy per particle of the many-body system to the effective energy functional.
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In total, this suggests the following form of the functional

#### Definition 6.1 {#FPar27}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<\xi <\frac{1}{3}$$\end{document}$ define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m(k)=\left\{ \begin{array}{ll} \sqrt{k/N}, &{}\quad \hbox {for }k\ge N^{1-2\xi }; \\ 1/2(N^{-1+\xi }k+N^{-\xi }), &{}\quad \hbox {else.} \end{array} \right. \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha ^<(\Psi ,\varphi )=\langle \!\langle \Psi ,{\widehat{m}}^\varphi \Psi \rangle \!\rangle +\left| {\mathcal {E}}_{W_\beta }(\Psi )- {\mathcal {E}}_{b_{W_{\beta }}}^{GP}(\varphi ) \right| . \end{aligned}$$\end{document}$$

#### Remark 6.2 {#FPar28}

It should be noted, that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha ^<$$\end{document}$ depends on the parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ which will be chosen later. For better readability, we disregard the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ dependence in the notation.

The counting measure can be related to the trace norm distance of the one-particle reduced density matrix.
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#### Proof {#FPar30}
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### Preliminaries for the Grönwall estimate {#Sec11}

Subsequently, we will perform a Grönwall estimate for $\documentclass[12pt]{minimal}
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#### Proof {#FPar33}

For the proof of the Lemma we restore the upper index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _t$$\end{document}$ in order to pay respect to the time dependence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{m}}^{\varphi _t}$$\end{document}$. The time derivative of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _t$$\end{document}$ is given by ([3](#Equ3){ref-type=""}), i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\partial _t \varphi _t(x_j)= h^{GP}_{b_{W_{\beta }},j} \varphi _t(x_j)$$\end{document}$. Here, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h^{GP}_{b_{W_{\beta }},j}$$\end{document}$ denotes the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h^{GP}_{b_{W_{\beta }}}$$\end{document}$ acting on the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j^{\text {th}}$$\end{document}$ coordinate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_j$$\end{document}$. We then obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{d}{dt}\langle \!\langle \Psi _t,{\widehat{m}}^{\varphi _t}\Psi _t\rangle \!\rangle&= i\langle \!\langle H_{W_\beta }\Psi _t,{\widehat{m}}^{\varphi _t}\;\Psi _t\rangle \!\rangle - i\langle \!\langle \Psi _t ,{\widehat{m}}^{\varphi _t}\;H_{W_\beta }\Psi _t\rangle \!\rangle \\&\quad -\,i\langle \!\langle \Psi _t ,[\sum _{j=1}^N h_{b_{W_{\beta }},j}^{GP},{\widehat{m}}^{\varphi _t}\;]\Psi _t\rangle \!\rangle \\&= i\langle \!\langle \Psi _t ,[H_{W_\beta }-\sum _{j=1}^N h_{b_{W_{\beta }},j}^{GP},{\widehat{m}}^{\varphi _t}\;]\Psi _t\rangle \!\rangle \\&= i \langle \!\langle \Psi _t, \Big [ \Big ( \frac{1}{2} N (N-1) W_{\beta }(x_1 - x_2) - N b_{W_{\beta }} | \varphi _t(x_1) |^2 \Big ), {\widehat{m}}^{\varphi _t} \;\Big ] \Psi _t \rangle \!\rangle \\&= i N ( N \Vert W_{\beta } \Vert _1 - b_{W_{\beta }} ) \langle \!\langle \Psi _t, [ | \varphi _t(x_1) |^2, {\widehat{m}}^{\varphi _t} \;] \Psi _t \rangle \!\rangle \\&\quad +\, i\frac{N(N-1)}{2}\langle \!\langle \Psi _t ,[Z^{\varphi _t}_\beta (x_1,x_2),{\widehat{m}}^{\varphi _t}\;]\Psi _t\rangle \!\rangle , \end{aligned}$$\end{document}$$where we used the symmetry of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _t$$\end{document}$. Using Lemma [4.2](#FPar8){ref-type="sec"} (d), it follows that (dropping the explicit dependence on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _t$$\end{document}$ from now on)$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{d}{dt}\langle \!\langle \Psi _t,{\widehat{m}}^{\varphi _t}\Psi _t\rangle \!\rangle&= i N (N \Vert W_{\beta } \Vert _1 - b_{W_{\beta }} ) \langle \!\langle \Psi _t, (q_1 | \varphi _t(x_1) |^2 {\widehat{m}}^a p_1 \\&\quad -\,p_1 {\widehat{m}}^a |\varphi _t(x_1)|^2 q_1 ) \Psi _t \rangle \!\rangle \\&\quad +\,\,i\frac{N(N-1)}{2}\langle \!\langle \Psi _t ,[Z^{\varphi _t}_\beta (x_1,x_2),p_1p_2({\widehat{m}}-{\widehat{m}}_2)]\Psi _t\rangle \!\rangle \\&\quad +\,\,i\frac{N(N-1)}{2}\langle \!\langle \Psi _t ,[Z^{\varphi _t}_\beta (x_1,x_2),(p_1q_2+q_1p_2)({\widehat{m}}-{\widehat{m}}_1)]\Psi _t\rangle \!\rangle . \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z^{\varphi _t}_\beta $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_1p_2({\widehat{m}}-{\widehat{m}}_2)$$\end{document}$ as well as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_1q_2({\widehat{m}}-{\widehat{m}}_1)$$\end{document}$ are selfadjoint, we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{d}{dt}&\langle \!\langle \Psi _t,{\widehat{m}}^{\varphi _t}\Psi _t\rangle \!\rangle = \gamma _c^{<}(\Psi _t, \varphi _t) -N(N-1) \\&\quad \times \,\mathfrak {I}\left( \langle \!\langle \Psi _t ,(p_{1}p_{2}+p_{1}q_{2}+q_{1}p_{2}+q_{1}q_{2})Z^{\varphi _t}_\beta (x_1,x_2)( {\widehat{m}}^bp_{1}p_{2}+{\widehat{m}}^a(p_{1}q_{2}+q_1p_2)) \Psi _t\rangle \!\rangle \right) . \end{aligned}$$\end{document}$$Note that in view of Lemma [4.2](#FPar8){ref-type="sec"} (c) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{r}}Q_jZ^{\varphi _t}_\beta (x_1,x_2) Q_j= Q_jZ^{\varphi _t}_\beta (x_1,x_2) Q_j{\widehat{r}}$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j\in \{0,1,2\}$$\end{document}$ and any weight *r*. Therefore,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathfrak {I}\left( \langle \!\langle \Psi _t,p_{1}p_{2}Z^{\varphi _t}_\beta (x_1,x_2) {\widehat{m}}^bp_{1}p_{2} \Psi _t\rangle \!\rangle \right)&=0\\ \mathfrak {I}\left( \langle \!\langle \Psi _t ,(p_{1}q_{2}+q_{1}p_{2})Z^{\varphi _t}_\beta (x_1,x_2){\widehat{m}}^a(p_{1}q_{2}+q_1p_2) \Psi _t\rangle \!\rangle \right)&=0. \end{aligned}$$\end{document}$$Using Symmetry and Lemma [4.2](#FPar8){ref-type="sec"} (c), we obtain the first line ([43](#Equ43){ref-type=""}). Furthermore,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### The Grönwall estimate {#Sec12}

In order to establish a Grönwall estimate for $\documentclass[12pt]{minimal}
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#### Lemma 6.6 {#FPar34}
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The proof of Lemma [6.6](#FPar34){ref-type="sec"} is given in Sect. [7.3](#Sec20){ref-type="sec"}.

At this point, we only consider the most relevant term $\documentclass[12pt]{minimal}
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In order to estimate the second and third line of ([44](#Equ44){ref-type=""}), one tries to bound $\documentclass[12pt]{minimal}
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With the help of Lemma [6.5](#FPar32){ref-type="sec"}, Lemma [6.6](#FPar34){ref-type="sec"} and Grönwall's Lemma, we obtain

#### Lemma 6.7 {#FPar35}
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#### Proof of Theorem 2.4: Part (a) {#FPar37}
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Proof for the exponential scaling $\documentclass[12pt]{minimal}
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### Definition of the functional {#Sec14}

In case of the exponential scaling, the interaction is so strong such that the many-body wave function develops a non-negligible short scale correlation structure which prevents the particles from being localized too close to each other. These correlations determine the statical and dynamical properties of the condensate in a crucial manner and need to be taken into account explicitly. It is therefore reasonable to expect that the counting measure needs to be modified, too.

In order to motivate how the correlation structure will appear in the definition of the functional we think for the moment of the most simple counting measure, namely $\documentclass[12pt]{minimal}
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Pursuing this approach results in the following definition.
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#### Remark 6.9 {#FPar39}
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### Preliminaries for the Grönwall estimate {#Sec15}

#### Definition 6.11 {#FPar42}
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#### Lemma 6.12 {#FPar43}
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### The Grönwall estimate {#Sec16}

Again, we will bound the time derivative of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha (\Psi _t,\varphi _t)$$\end{document}$ such that we can employ a Grönwall estimate.
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#### Proof of Theorem 2.4: Part (b) {#FPar48}
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Rigorous Estimates {#Sec17}
==================
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Estimates on the cutoff {#Sec19}
-----------------------

In order to smear out singular potentials as explained in the previous section and to obtain sufficient bounds, it seems at first necessary to show that $\documentclass[12pt]{minimal}
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### Definition 7.3 {#FPar52}
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                \begin{document}$$\begin{aligned} a^{(d)}_{j,k}= & {} \{(x_1,x_2,\ldots ,x_N)\in {\mathbb {R}}^{2N}: |x_j-x_k|<N^{-d}\} \subseteq {\mathbb {R}}^{2N}\nonumber \\ \overline{{\mathcal {A}}}^{(d)}_j= & {} \bigcup _{k\ne j}a^{(d)}_{j,k}\;\;\;\;\;\;\;{\mathcal {A}}^{(d)}_j={\mathbb {R}}^{2N}\backslash \overline{{\mathcal {A}}}_j^{(d)} \;\;\;\;\;\;\;\overline{{\mathcal {B}}}^{(d)}_{j}=\bigcup _{k\ne l\ne j}a^{(d)}_{k,l}\;\;\;\;\;\;\;{\mathcal {B}}^{(d)}_{j}={\mathbb {R}}^{2N}\backslash \overline{{\mathcal {B}}}^{(d)}_{j}.\nonumber \\ \end{aligned}$$\end{document}$$

### Lemma 7.4 {#FPar53}
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### Proof {#FPar54}

First note that the volume of the sets $\documentclass[12pt]{minimal}
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Proof of Lemma [6.13](#FPar45){ref-type="sec"} {#Sec21}
----------------------------------------------
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### Proof {#FPar63}

We estimate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert p_1 V_N(x_1-x_2) \Psi \Vert&= \Vert p_1 \mathbb {1}_{\text {supp}(V_N)}(x_1-x_2) V_N(x_1-x_2) \Psi \Vert \\&\le \Vert p_1 \mathbb {1}_{\text {supp}(V_N)}(x_1-x_2) \Vert _{\text {op}} \Vert V_N(x_1-x_2) \Psi \Vert . \end{aligned}$$\end{document}$$With Lemma [4.2](#FPar8){ref-type="sec"} (e) we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert p_1 \mathbb {1}_{\text {supp}(V_N)} (x_1-x_2)\Vert _{\text {op}}^2\le \Vert \varphi \Vert _\infty ^2 \Vert \mathbb {1}_{\text {supp}(V_N)} \Vert _1 \le C \Vert \varphi \Vert _\infty ^2 e^{-2N}. \end{aligned}$$\end{document}$$Using$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C \ge {\mathcal {E}}_{V_N}(\Psi )= \Vert \nabla \Psi \Vert ^2 + \frac{(N-1)}{2} \Vert \sqrt{V_N}(x_1-x_2) \Psi \Vert ^2 + \langle \!\langle \Psi , A_t(x_1) \Psi \rangle \!\rangle \end{aligned}$$\end{document}$$as well as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert V_N(x_1-x_2) \Psi \Vert ^2&= \Vert \sqrt{V_N} (x_1-x_2)\sqrt{ V_N}(x_1-x_2) \Psi \Vert ^2 \\&\le \Vert \sqrt{V_N}\Vert _{\infty }^2 \Vert \sqrt{V_N}(x_1-x_2) \Psi \Vert ^2 \\&\le C e^{2N} \frac{{\mathcal {E}}_{V_N}(\Psi )+ \Vert A_t \Vert _\infty }{N} \le C (1+ \Vert A_t \Vert _\infty ) \frac{e^{2N}}{N}, \end{aligned}$$\end{document}$$we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert p_1 V_N (x_1 - x_2) \Psi \Vert \le {\mathcal {K}}(\varphi , A_t) N^{-\frac{1}{2}}. \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

**Control of** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _a$$\end{document}$

In total analogy to ([73](#Equ73){ref-type=""}) we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} | \gamma _a(\Psi ,\varphi ) | \le C \Vert \dot{A}_t\Vert _\infty ( \langle \!\langle \Psi ,{\widehat{n}} \Psi \rangle \!\rangle + N^{-\frac{1}{2}} ) \le C \Vert \dot{A}_t\Vert _\infty ( \langle \!\langle \Psi ,{\widehat{m}} \Psi \rangle \!\rangle + N^{- \xi } ). \end{aligned}$$\end{document}$$With Definition [6.8](#FPar38){ref-type="sec"} and ([58](#Equ58){ref-type=""}) we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} | \gamma _a(\Psi ,\varphi ) |&\le {\mathcal {K}}(\varphi , A_t) ( \alpha (\Psi , \varphi ) + N^{- \xi } + N^{- \mu + \xi } \ln (N) ). \end{aligned}$$\end{document}$$**Control of**$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _b$$\end{document}$

Recall that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \gamma _b(\Psi , \varphi )&= -N(N-1)\mathfrak {I}\left( \langle \!\langle \Psi , {\widetilde{Z}}_{\mu }^{\varphi }(x_1,x_2){\widehat{r}}\, \Psi \rangle \!\rangle \right) \\&\quad -\,N(N-1)\mathfrak {I}\left( \langle \!\langle \Psi ,g_{\mu }(x_{1}-x_{2}) {\widehat{r}}\,{\mathcal {Z}}^{\varphi } (x_1,x_2) \Psi \rangle \!\rangle \right) . \end{aligned}$$\end{document}$$Estimate ([102](#Equ102){ref-type=""}) yields to the bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert p_1 {\mathcal {Z}}^{\varphi } (x_1,x_2)\Psi \Vert \le {\mathcal {K}}(\varphi , A_t) N^{-1/2}$$\end{document}$. Thus, if we use Lemma [5.5](#FPar24){ref-type="sec"} and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|| {\widehat{m}}^a ||_{\text {op}} + || {\widehat{m}}^b ||_{\text {op}} \le CN ^{-1+ \xi }$$\end{document}$ \[see ([76](#Equ76){ref-type=""})\] the second line is controlled by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&N^2 \big ( \Vert {\widehat{m}}^a \Vert _{\text {op}} + \Vert {\widehat{m}}^b \Vert _{\text {op}} \big ) \Vert g_{\mu }(x_{1}-x_{2}) p_{1}\Vert _{\text {op}} \Vert p_1{\mathcal {Z}}^{\varphi } (x_1,x_2)\Psi \Vert \\&\quad \le {\mathcal {K}}(\varphi , A_t) N^{1/2 + \xi }\Vert g_{\mu }\Vert \le {\mathcal {K}}(\varphi , A_t) N^{\xi -1/2- \mu } \ln (N). \end{aligned}$$\end{document}$$The first line of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _b$$\end{document}$ can be bounded with ([62](#Equ62){ref-type=""}) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{\mu }=1-g_{\mu }$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&N(N-1)|\mathfrak {I}\left( \langle \!\langle \Psi , {\widetilde{Z}}_{\mu }^{\varphi }(x_1,x_2){\widehat{r}}\, \Psi \rangle \!\rangle \right) | \nonumber \\&\quad \le N^2 | \mathfrak {I}\left( \langle \!\langle \Psi , \left( M_{\mu }(x_1-x_2)f_{\mu }(x_{1}-x_{2})\right. \right. \nonumber \\&\qquad \left. \left. -\,\frac{N}{N-1} \Vert M_{\mu }f_{\mu } \Vert _1 \left( |\varphi (x_1)|^2 +|\varphi (x_2)|^2 \right) \right) {\widehat{r}} \Psi \rangle \!\rangle \right) | \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\qquad +\,\frac{N^2}{N-1} |\langle \!\langle \Psi , \left( \Vert N M_{\mu }f_{\mu } \Vert _1- 4\pi \right) \left( |\varphi (x_1)|^2+|\varphi (x_2)|^2\right) {\widehat{r}} \Psi \rangle \!\rangle | \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\qquad +\,\frac{N^2}{N-1}|\langle \!\langle \Psi , 4\pi \left( |\varphi (x_1)|^2+ |\varphi (x_2)|^2\right) g_{\mu }(x_{1}-x_{2}) {\widehat{r}}\Psi \rangle \!\rangle |. \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{\mu }f_{\mu } \in {\mathcal {W}}_\mu $$\end{document}$, ([103](#Equ103){ref-type=""}) is of the same form as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma ^<_b(\Psi ,\varphi )$$\end{document}$. By means of Lemma [7.7](#FPar59){ref-type="sec"}, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert {\widehat{n}} - {\widehat{m}} \Vert _{op} \le C N^{- \xi }$$\end{document}$ and ([58](#Equ58){ref-type=""}), we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} | (103) |&\le {\mathcal {K}}(\varphi , A_t) \Big ( \alpha (\Psi , \varphi ) + N^{- \xi } + \left( N^{-1/6} + N^{- \mu + \xi } \right) \ln (N) \\&\quad +\, \inf _{ \min \{\beta , 1/2 \}>\beta _1>0} \, \inf _{\eta >0} \left( N^{ \eta - 2 \beta _1} \ln (N)^2 + N^{-1+2 \beta _1 + \xi } + N^{ 2 \xi - \eta } \right) \Big ). \end{aligned}$$\end{document}$$Using Lemma [5.5](#FPar24){ref-type="sec"} (h), the second term is controlled by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {}(104) \le C \Vert \varphi \Vert _\infty ^2 N \, \big | N\Vert M_{\mu } f_\mu \Vert _1-4 \pi \big | \, \Vert {\hat{r}}\Vert _{\text {op}} \le C \Vert \varphi \Vert _\infty ^2 N^{-1+ \xi } \ln (N). \end{aligned}$$\end{document}$$The last term is controlled by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {}(105)&\le CN \Vert \varphi \Vert _\infty ^2\Vert g_{\mu }(x_{1}-x_{2}) p_{1}\Vert _{\text {op}} \big ( \Vert {\widehat{m}}^a\Vert _{\text {op}} + \Vert {\widehat{m}}^b\Vert _{\text {op}} \big ) \le C\Vert \varphi \Vert _\infty ^3N^{-1-\mu +\xi } \ln (N) \end{aligned}$$\end{document}$$which implies the bound$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{r}}=(p_2+q_2){\widehat{r}}=p_2{\widehat{r}}+p_1q_2{\widehat{m}}^a$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla _1g_{\mu }(x_1-x_2)=-\nabla _2g_{\mu }(x_1-x_2)$$\end{document}$, integration by parts yields to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |\gamma _c(\Psi ,\varphi )|&\le 4N^2|\langle \!\langle \Psi , g_{\mu }(x_1-x_2)\nabla _1\nabla _2 ( p_2{\widehat{r}}+p_1q_2{\widehat{m}}^a ) \Psi \rangle \!\rangle | \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\quad +\, 4N^2|\langle \!\langle \nabla _2\Psi , g_{\mu }(x_1-x_2)\nabla _1 p_2{\widehat{r}}\Psi \rangle \!\rangle | \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (108)&\le 4N^2\Vert \nabla _2\Psi \Vert \; \Vert g_{\mu }\Vert \;\Vert \nabla \varphi \Vert _\infty \Vert q_2 {\widehat{m}}^a \Psi \Vert \le C \Vert \nabla \varphi \Vert _\infty \ N^{ \xi -\mu } \ln (N). \end{aligned}$$\end{document}$$It follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ |\gamma _c(\Psi ,\varphi )|\le {\mathcal {K}}(\varphi , A_t) N^{ \xi -\mu } \ln (N) $$\end{document}$.

**Control of** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _d$$\end{document}$

To control $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _d$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _e$$\end{document}$ we will use the notation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{array}{cc} m^c(k)=m^a(k)-m^a(k+1) &{}\quad m^d(k)=m^a(k)-m^a(k+2) \\ m^e(k)=m^b(k)-m^b(k+1) &{}\quad m^f(k)=m^b(k)-m^b(k+2). \\ \end{array} \end{aligned}$$\end{document}$$Since the second *k*-derivative of *m* is given by (see ([74](#Equ74){ref-type=""}) for the first derivative)$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \gamma _d(\Psi ,\varphi )&=2N(N-1)(N-2)\mathfrak {I}\left( \langle \!\langle \Psi ,g_{\mu }(x_{1}-x_{2}) \left[ V_N(x_1-x_3), {\widehat{r}}\right] \Psi \rangle \!\rangle \right) \\&\quad -\,N(N-1)(N-2)\mathfrak {I}\left( \langle \!\langle \Psi ,g_{\mu }(x_{1}-x_{2}) \left[ 4 \pi |\varphi |^2(x_3), {\widehat{r}}\right] \Psi \rangle \!\rangle \right) . \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |\gamma _d(\Psi ,\varphi )|&\le CN ^3\left| \langle \!\langle \Psi ,g_{\mu }(x_{1}-x_{2}) \left[ V_N(x_1-x_3), ({\widehat{m}}^b-2{\widehat{m}}^a)p_{1}p_{2}\right. \right. \nonumber \\&\quad \left. \left. +\,{\widehat{m}}^a(p_{1}+p_2)\right] \Psi \rangle \!\rangle \right| \nonumber \\&\quad +\, CN ^3\left| \langle \!\langle \Psi ,g_{\mu }(x_{1}-x_{2}) \left[ 4\pi |\varphi |^2(x_3), {\widehat{r}}\right] \Psi \rangle \!\rangle \right| \nonumber \\&\le CN ^3\left| \langle \!\langle \Psi ,g_{\mu }(x_{1}-x_{2})p_2 \left[ V_N(x_1-x_3), {\widehat{m}}^a\right] \Psi \rangle \!\rangle \right| \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\quad +\, CN ^3\left| \langle \!\langle \Psi ,g_{\mu }(x_{1}-x_{2}) {\widehat{m}}^ap_{1} V_N(x_1-x_3)\Psi \rangle \!\rangle \right| \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\quad +\, CN ^3\left| \langle \!\langle \Psi ,g_{\mu }(x_{1}-x_{2})V_N(x_1-x_3) {\widehat{m}}^ap_{1} \Psi \rangle \!\rangle \right| \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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Energy estimates {#Sec22}
----------------
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The contributions ([121](#Equ121){ref-type=""}) and ([125](#Equ125){ref-type=""}) are estimated in Lemma [7.11](#FPar69){ref-type="sec"}.$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle \!\langle \Psi ,\mathbb {1}_{{\mathcal {B}}^{(d)}_{1}}p_1p_2M_{\nu }(x_1-x_2)p_1p_2 \mathbb {1}_{{\mathcal {B}}^{(d)}_{1}}\Psi \rangle \!\rangle = \langle \varphi , M_{\nu } *|\varphi |^2\varphi \rangle \langle \!\langle \Psi ,\mathbb {1}_{{\mathcal {B}}^{(d)}_{1}}p_1p_2 \mathbb {1}_{{\mathcal {B}}^{(d)}_{1}}\Psi \rangle \!\rangle . \end{aligned}$$\end{document}$$With Lemma [7.3](#FPar52){ref-type="sec"} (c) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon = 1/2$$\end{document}$, we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \mathbb {1}_{\overline{{\mathcal {B}}}^{(d)}_{1}} \Psi \Vert \le C N^{3/2-d}$$\end{document}$. Together with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert p_1p_2\Psi \Vert ^2= 1+ 2 \Vert p_1 q_2\Psi \Vert ^2+ \Vert q_1 q_2\Psi \Vert ^2$$\end{document}$, we therefore obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {}(126)&\le 3\Vert q_1 \Psi \Vert ^2 + C \left( N^{3/2-d} + N^{3-2d} \right) + \frac{1}{2} |N\langle \varphi , M_{\nu } *|\varphi |^2\varphi \rangle - N \Vert M_\nu \Vert _1 \Vert \varphi ^2 \Vert ^2 | \\&\quad +\, \frac{1}{2} | 4 \pi - N \Vert M_\nu \Vert _1 |\Vert \varphi ^2 \Vert ^2 + \frac{1}{2} \langle \varphi , M_{\nu } *|\varphi |^2\varphi \rangle . \end{aligned}$$\end{document}$$Note that, using Young's inequality and ([80](#Equ80){ref-type=""})$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&| \langle \varphi , N M_{\nu } *|\varphi |^2\varphi \rangle - N \Vert M_\nu \Vert _1\Vert \varphi ^2 \Vert ^2| \\&\quad = \left| \int _{{\mathbb {R}}^2} d^2 x |\varphi (x)|^2 \left( N( M_{\nu } *|\varphi |^2)(x) -N \Vert M_\nu \Vert _1|\varphi (x)|^2 \right) \right| \\&\quad \le \Vert \varphi \Vert _\infty ^2 \Vert N(M_\nu *|\varphi |^2)-\Vert NM_\nu \Vert _1|\varphi |^2\Vert _1 \\&\quad \le C \Vert \varphi \Vert _\infty ^2 \Vert \Delta |\varphi |^2\Vert _1 N^{-2\nu } \ln (N) \\&\quad \le {\mathcal {K}}(\varphi , A_t) N^{-2\nu } \ln (N). \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### Lemma 7.10 {#FPar67}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_N \in {\mathcal {V}}_N$$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_\nu $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_\nu $$\end{document}$ be defined as in Definition [5.3](#FPar22){ref-type="sec"}. Then, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi \in L^2({\mathbb {R}}^{2N}, {\mathbb {C}}) \cap {\mathcal {D}}(\nabla _1) $$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \mathbb {1}_{|x_1-x_2|\le R_{\nu }}\nabla _1\Psi \Vert ^2+\frac{1}{2}\langle \!\langle \Psi , (V_{N}-M_{\nu })(x_1-x_2)\Psi \rangle \!\rangle \ge 0. \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_N \in {\mathcal {V}}_N$$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_\nu $$\end{document}$ be defined as in Definition [5.3](#FPar22){ref-type="sec"}. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi \in L_s^2({\mathbb {R}}^{2N}, {\mathbb {C}}) \cap H^1({\mathbb {R}}^{2N}, {\mathbb {C}})$$\end{document}$. Then, for sufficiently large *N* and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu >d$$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \mathbb {1}_{{\mathcal {B}}^{(d)}_{1}}\mathbb {1}_{\overline{{\mathcal {A}}}^{(d)}_{1}}\nabla _1\Psi \Vert ^2 + \frac{1}{2} \langle \!\langle \Psi ,\sum _{j\ne 1}\mathbb {1}_{{\mathcal {B}}^{(d)}_{1}}\left( V_N-M_{\nu }\right) (x_1-x_j)\Psi \rangle \!\rangle \ge 0. \end{aligned}$$\end{document}$$

### Proof {#FPar68}

We first show nonnegativity of the one-particle operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{Z_n} : H^2 ({\mathbb {R}}^2, {\mathbb {C}}) \rightarrow L^ 2( {\mathbb {R}}^2, {\mathbb {C}})$$\end{document}$ given by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H^{Z_n}=-\Delta + \frac{1}{2} \sum _{z_k\in Z_n} (V_{N}(\cdot -z_k)-M_{\nu }(\cdot -z_k)) \end{aligned}$$\end{document}$$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\in {\mathbb {N}}$$\end{document}$ and any *n*-elemental subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_n\subset {\mathbb {R}}^2$$\end{document}$ which is such that the supports of the potentials $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{\nu }(\cdot -z_k)$$\end{document}$ are pairwise disjoint for any two $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z_k\in Z_n$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{\nu }(\cdot -z_k)$$\end{document}$ is the the zero energy scattering state of the potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/2 V_{N}(\cdot -z_k)- 1/2 M_{\nu }(\cdot -z_k)$$\end{document}$, it follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F^{Z_n}_{\nu }=\prod _{z_k\in Z_n}f_{\nu }(\cdot -z_k). \end{aligned}$$\end{document}$$ fulfills $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{Z_n} F^{Z_n}_{\nu }=0$$\end{document}$ for any such $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_n$$\end{document}$. By construction $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{\nu }$$\end{document}$ is a nonnegative function, so is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^{Z_n}_{\nu }$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{2} \sum _{z_k\in Z_n} (V_{N}(\cdot -z_k)-M_{\nu }(\cdot -z_k)) \in L^\infty ({\mathbb {R}}^2,{\mathbb {C}})$$\end{document}$, this potential is a infinitesimal perturbation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\Delta $$\end{document}$, thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{\text {ess}}( H^{Z_n} ) =[0, \infty )$$\end{document}$. Assume now that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{Z_n}$$\end{document}$ is not nonnegative. Then, there exists a ground state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _G\in H^2( {\mathbb {R}}^2,{\mathbb {C}})$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{Z_n}$$\end{document}$ of negative energy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E<0$$\end{document}$. The phase of the ground state can be chosen such that the ground state is real and positive a.e. (see e.g. \[[@CR52]\], Theorem 10.12.). Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{\nu }(\cdot -z_k)$$\end{document}$ is positive outside $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {supp}(V_N)$$\end{document}$, the following inequality is valid[6](#Fn6){ref-type="fn"}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle F^{Z_n}_{\nu },H^{Z_n}\Psi _G\rangle =\langle F^{Z_n}_{\nu },E\Psi _G\rangle <0. \end{aligned}$$\end{document}$$ On the other hand we have since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^{Z_n}_{\nu }$$\end{document}$ is the zero energy scattering state $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle F^{Z_n}_{\nu },H^{Z_n}\Psi _G\rangle =\langle H^{Z_n}F^{Z_n}_{\nu },\Psi _G\rangle =0. \end{aligned}$$\end{document}$$ This contradicts ([131](#Equ131){ref-type=""}) and the nonnegativity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{Z_n}$$\end{document}$ follows. Now, assume that there exists a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in H^2 ({\mathbb {R}}^2,{\mathbb {C}}) $$\end{document}$ such that the quadratic form $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Q (\psi )= \Vert \mathbb {1}_{|\cdot |\le R_{\nu }}\nabla \psi \Vert ^2+ \frac{1}{2}\langle \psi ,(V_{N}(\cdot )-M_{\nu }(\cdot ))\psi \rangle <0. \end{aligned}$$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_{N}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{\nu }$$\end{document}$ are spherically symmetric we can assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ is spherically symmetric. Substituting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \psi \rightarrow a \psi ,\; a \in {\mathbb {R}}$$\end{document}$, we can furthermore assume that, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|x| = R_\nu $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi (x) = 1- \epsilon $$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon >0$$\end{document}$. Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{\psi }}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\tilde{\psi }}(x)=\psi (x) \text { for } |x| \le R_{\nu }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{\psi }}(x)=1$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|x|> R_{\nu }+ \epsilon $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon >0$$\end{document}$. Furthermore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{\psi }}$$\end{document}$ can be constructed such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Vert \mathbb {1}_{|\cdot | \ge R_\nu } \nabla {\tilde{\psi }}\Vert ^2 \le C (\epsilon + \epsilon ^ 2)$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q ( {\tilde{\psi }})= Q (\psi )<0$$\end{document}$ holds, because the operator associated with the quadratic form is supported inside the ball $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_0 (R_{\nu })$$\end{document}$. Using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{\psi }}$$\end{document}$, we can construct a set of points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_n$$\end{document}$ and a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi \in H^2({\mathbb {R}}^2, {\mathbb {C}})$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle \chi ,H^{Z_n}\chi \rangle <0$$\end{document}$, contradicting to nonnegativity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{Z_n}$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R>1$$\end{document}$ let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \xi _R(x)=\left\{ \begin{array}{ll} R^2/x^2, &{}\quad \hbox {for }|x|>R; \\ 1, &{}\quad \hbox {else.} \end{array} \right. \end{aligned}$$\end{document}$$ Let now $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_n$$\end{document}$ be a subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_n\subset {\mathbb {R}}^2$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|Z_n|=n$$\end{document}$ which is such that the supports of the potentials $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{\nu }(\cdot -z_k)$$\end{document}$ lie within the Ball around zero with radius *R* and are pairwise disjoint for any two $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z_k\in Z_n$$\end{document}$. Since we are in two dimensions we can choose a *n* which is of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^2$$\end{document}$. Let now $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi _R(x)=\xi _R (x) \prod _{z_k\in Z_n} {\tilde{\psi }}(x-z_k)$$\end{document}$. By construction, there exists a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D = {\mathcal {O}}(1)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \chi _R(x)= {\tilde{\psi }}(x-z_k)$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ |x-z_k| \le D $$\end{document}$. From this, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle \chi _R,H^{Z_n}\chi _R\rangle&= \Vert \nabla \chi _R \Vert ^2+ n\frac{1}{2}\langle \psi ,(V_{N}(\cdot )-M_{\nu }(\cdot ))\psi \rangle \\&= n Q(\psi )+ \sum _{z_k \in Z_n} \Vert \mathbb {1}_{|\cdot -z_k|\ge R_\nu } \nabla \chi _R \Vert ^2 \\&\le n Q(\psi ) +C n (\epsilon +\epsilon ^2) + \Vert \nabla \xi _R \Vert ^2 \\&= n Q(\psi ) +C n (\epsilon + \epsilon ^2) +C. \end{aligned}$$\end{document}$$ Choosing *R* and hence *n* large enough and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$ small, we can find a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_n$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle \chi _R,H^{Z_n}\chi _R\rangle $$\end{document}$ is negative, contradicting nonnegativity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{Z_n}$$\end{document}$. Now, we can prove that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \mathbb {1}_{|x_1-x_2|\le R_{\nu }}\nabla _1\Psi \Vert ^2+\frac{1}{2}\langle \!\langle \Psi , (V_{N}-M_{\nu })(x_1-x_2)\Psi \rangle \!\rangle \ge 0. \end{aligned}$$\end{document}$$ holds for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi \in H^2({\mathbb {R}}^{2N},{\mathbb {C}})$$\end{document}$. Using the coordinate transformation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{x}}_1= x_1-x_2, {\tilde{x}}_i=x_i \; \forall i \ge 2$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla _{x_1}= \nabla _{{\tilde{x}}_1}$$\end{document}$. Thus ([132](#Equ132){ref-type=""}) is equivalent to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\tilde{Q}}(\Psi ):= \Vert \mathbb {1}_{|x_1|\le R_{\nu }}\nabla _1\Psi \Vert ^2+\frac{1}{2}\langle \!\langle \Psi , (V_{N}-M_{\nu })(x_1)\Psi \rangle \!\rangle \ge 0$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall \Psi \in H^2({\mathbb {R}}^{2N},{\mathbb {C}})$$\end{document}$. If it were now that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\tilde{Q}}(\Psi ) $$\end{document}$ is not nonnegative, then there exists a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma \in H^2({\mathbb {R}}^{2N},{\mathbb {C}})$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\tilde{Q}}(\Gamma ) <0 $$\end{document}$. By the Schmidt decomposition theorem, there exist two orthonormal bases $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{ \Phi _k \}_{k \in {\mathbb {N}}} \subset H^2({\mathbb {R}}^{2N-2}, {\mathbb {C}}), \{ \varphi _l \}_{l \in {\mathbb {N}}} \subset H^2({\mathbb {R}}^{2}, {\mathbb {C}})$$\end{document}$ and nonnegative numbers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\lambda _k\}_{k \in {\mathbb {N}}}$$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Gamma = \sum _{k \in {\mathbb {N}}} \lambda _k \varphi _k \otimes \Phi _k. \end{aligned}$$\end{document}$$ By this $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\tilde{Q}}(\Gamma ) = \sum _{k \in {\mathbb {N}}} | \lambda _k|^ 2 Q(\varphi _k) \ge 0, \end{aligned}$$\end{document}$$ which in turn yields to a contradictions. Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q(\Psi ) \ge 0$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi \in H^2({\mathbb {R}}^{2},{\mathbb {C}})$$\end{document}$. By a standard density argument, we can conclude that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q(\Psi ) \ge 0$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall \Psi \in L^2({\mathbb {R}}^{2N}, {\mathbb {C}}) \cap {\mathcal {D}}(\nabla _1)$$\end{document}$.Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_k= \lbrace (x_1,\dots ,x_N) \in {\mathbb {R}}^{2N}| |x_1-x_k|\le R_\nu \rbrace $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {C}}_1= \cup _{k=2}^N c_k$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_1, \dots , x_N) \in {\mathcal {B}}^{(d)}_{1}$$\end{document}$ it holds that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|x_i-x_j| \ge N^{-d}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2 \le i,j \le N$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \nu >d$$\end{document}$. Assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N^{-d} > 2 R_\nu $$\end{document}$, which hold for *N* sufficiently large, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_\nu \le CN ^{-\nu }$$\end{document}$. Then, it follows that, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \ne j$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \left( c_i \cap {\mathcal {B}}^{(d)}_{1} \right) \cap \left( c_j \cap {\mathcal {B}}^{(d)}_{1} \right) = \emptyset $$\end{document}$. Under the same conditions, we also have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {1}_{\overline{{\mathcal {A}}}^{(d)}_{1}} \ge \mathbb {1}_{{\mathcal {C}}_{1}}$$\end{document}$. Therefore $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\mathbb {1}_{\overline{{\mathcal {A}}}^{(d)}_{1}} \mathbb {1}_{{\mathcal {B}}^{(d)}_{1}} \ge \mathbb {1}_{{\mathcal {C}}_{1}} \mathbb {1}_{{\mathcal {B}}^{(d)}_{1}} = \mathbb {1}_{{\mathcal {C}}_{1} \cap {\mathcal {B}}^{(d)}_{1} } = \mathbb {1}_{ \cup _{k=2}^N \left( c_k \cap {\mathcal {B}}^{(d)}_{1} \right) } = \sum _{k=2}^N \mathbb {1}_{c_k \cap {\mathcal {B}}^{(d)}_{1} } =\mathbb {1}_{ {\mathcal {B}}^{(d)}_{1} } \sum _{k=2}^N \mathbb {1}_{c_k }. \end{aligned}$$\end{document}$$ Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {1}_{{\mathcal {B}}^{(d)}_{1}}$$\end{document}$ depends only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_2, \dots , x_N$$\end{document}$. By this $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \mathbb {1}_{\overline{{\mathcal {A}}}^{(d)}_{1}} \mathbb {1}_{{\mathcal {B}}^{(d)}_{1}} \nabla _1 \Psi \Vert ^2 \ge \sum _{k=2}^N \Vert \mathbb {1}_{c_k } \nabla _1 \mathbb {1}_{ {\mathcal {B}}^{(d)}_{1} } \Psi \Vert ^2 = (N-1) \Vert \mathbb {1}_{|x_1-x_2| \le R_\beta } \nabla _1 \mathbb {1}_{ {\mathcal {B}}^{(d)}_{1} } \Psi \Vert ^2. \end{aligned}$$\end{document}$$ This yields $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {}(130)&\ge (N-1) \left( \Vert \mathbb {1}_{|x_1-x_2| \le R_\nu } \nabla _1 \mathbb {1}_{ {\mathcal {B}}^{(d)}_{1} } \Psi \Vert ^2 + \frac{1}{2}\langle \!\langle \mathbb {1}_{ {\mathcal {B}}^{(d)}_{1} } \Psi , (V_{N}-M_{\nu })(x_1-x_2)\mathbb {1}_{ {\mathcal {B}}^{(d)}_{1} } \Psi \rangle \!\rangle \right) \\&\ge 0. \end{aligned}$$\end{document}$$ where the last inequality follows from (a), using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {1}_{ {\mathcal {B}}^{(d)}_{1} } \Psi \in L^2({\mathbb {R}}^{2N}, {\mathbb {C}}) \cap {\mathcal {D}}(\nabla _1) $$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\quad \square $$\end{document}$
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